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Let R be a nonassociative algebra. R is a 3-algebra if, whenever I is an ideal of R, 
then Z3 is an ideal of R. Such algebras are defined by four degree four identities 
depending on 288 constants. In this paper a test is given that allows one to 
recognize easily when a given algebra defined by some degree four identities is a 3- 
algebra, without having to study directly the defining identities of the algebra, 
which may be extremely complicated. The necessary and sufficient condition for an 
algebra to be a 3-algebra is the compatibility of a certain system of linear equations. 
The system is large, but may be easily inspected with the help of a computer. 
1 1985 Academic Press. lot 
1. INTRODUCTION 
Let n be a positive integer greater than 1. A variety V of algebras is 
called an n-variety if whenever R belongs to V and I is an ideal of R, then 
I” is an ideal of R. For n = 2 one has the 2-varieties, that have been studied 
in [l-4, 7-9, 111. All algebras belonging to a 2-variety satisfy the two 
degree three identities: 
(XYb = %(ZX) Y  + dxz) Y  + a3 YW) + %Y(XZ) + %(ZY)X 
+ %(YZb + W(ZY) + %X(YZ) 
z(w) = Bl(ZX) Y + Mxz) Y  + 83 Y(ZX) + P4Y(XZ) + Bs(ZY)X 
(*) 
+ PdYZb + 8&Y) + BsX(YZ) 
* Work supported by G.N.S.A.G.A. of the Italian National Research Council and by M.P.I. 
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which depend on the 16 constants a ,,..., ag, /I, ,..., /Is E F. Identities (*) are 
the defining identities of a 2-variety. The first author who studied algebras 
defined by these identities was Albert [ 11. Well-known examples of 2- 
varieties are associative, Lie, alternative, and (y, 6) algebras. 
For n = 3 one obtains the 3-varieties; examples are Jordan and standard 
algebras. Such varieties (see [8]) are defined by four degree four identities 
each of which depends on 72 constants. The total number of constants 
defining a 3-variety is therefore 288, which makes the study of such 
algebras extremely difficult and tedious. We have therefore tried a different 
approach, that was already used in the study of 2-varieties [7 and 91. 
Using the matrix representation [S, 6, 73 to study identities, we have given 
the matrix representation of the four defining identities. By studying these 
matrices we are in a position to give an answer to the following problem: 
Let V be a variety of algebras: when can we say that this variety is a’3- 
variety? The answer to this problem is the following: the variety V is a 3- 
variety if and only if a certain system of linear equations is compatible. We 
have therefore reduced the original problem to a problem of linear algebra 
that can be easily inspected and solved. The system is very large, but by 
using a computer it is routine to check if it is compatible. Without this 
method it would seem extremely hard to recognize a 3-algebra from the 
examination of its defining identities. This result gives therefore a quick 
answer to our question through standard arguments of linear algebra. 
2. REPRESENTATION OF A ~-VARIETY 
Let R be a nonassociative algebra defined over a field of characteristic 
not 2 or 3. We will say that R is a 3-algebra if whenever I is an ideal of R, 
then Z3 is itself an ideal of R. The fact that R is a 3-algebra amounts (see 
[S]) to saying that there exist 288 constants a, ,..., a,2, j3 ,,..., pT2, y, ,..., yT2, 
6 1 ,..., S,, such that the following degree four identities hold. We shall write 
the identities in Table I. 
Table I should read in the following manner. There are live different 
types of association in a degree four identity; (x,x2)(x3 v), (x,x*. x3) y, 
(xi .x2x3) y, x,(x2x3.y) and x1(x* ‘x3 y). Each term of the identity 
appearing in one of these forms is set under the corresponding heading, 
which is respectively: RR.RR, (RR.R)R, (R.RR)R, R(RR.R), and R(R.RR). 
The left column of the table indicates what permutation of the four 
elements x,, x2, x3, and y is being considered. The four columns ai, pi, yi, 
and ~5~ under each heading give rise to the four different identities. The 
Table I represents therefore the following four identities: 
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~~(x,x*)(x~Y)+~2(x~x~)(x*Y)+ ... +~,‘dx2x,KYx,)+ ..’ 
+ c128( yx, ’ x3) x2 + . + c132(X) y.x,) x1 + . . . + cqjlxI(x*. x3 y) + . . 
+ ~,l-%(x3.Yx,) = y(x,x,*x,) (1) 
Bl(XIX2)(X3 Y) + . . . + j?2*( yx, . x3) x2 + . . 
+ P32(x3.!J.x2) XI + ..’ +P71x2(x3’Yx,)= Ytx, ‘x2x3) (2) 
Yl(xIx2Nx3Y)+ ... +Y,,x,(x,~Yx,)=(~,x,~x,)Y (3) 
s,(xIx2)(x3Y)+ ... +~71x2(x3.Yx,)=(x1’x2x3)Y. (4) 
These identities are the defining identities of a 3-algebra. A variety of 
algebras in which identities (l), (2), (3), and (4) hold is called a 3-variety. 
By making use of the group representation technique to study identities 
(see [S, 6, 71 for details on the technique) a 3-variety has the matrix 
representation found in Table II. 
TABLE I 
(124) 
(132) 
(134) 
(1421 
(143) 
(234) 
(2431 
(12)(34) 
(13)(24) 
(14) (23) 
(121 
(13) 
(14) 
(23) 
(241 
(34) 
(1234) 
(1243) 
(1324) 
(1342) 
(1423) 
(1432) 
=1 5 ‘I1 5 -1 
=2 62 ‘2 &2 
=3 03 ‘i3 b3 n28 % Y28 38 
=4 04 ‘14 64 
=s 05 ys % %I %a YK) 50 
“6 86 16 66 =26 ‘26 y26 ‘26 
“7 67 y-i 67 
53 60 78 68 5s %5 y25 625 
=9 69 y9 69 
010 50 110 610 
a.11 BlL 111 611 027 027 y27 627 
a.12 612 ‘(12 52 ‘29 ‘29 ‘29 ‘29 
=13 @I3 113 53 
“14 614 114 54 
“15 615 y15 ‘35 “35 %5 y35 631 
=I6 ‘16 ‘16 ‘16 
57 617 ‘(17 617 =31 31 131 631 
=18 58 Y18 %8 
Y9 %I y19 619 034 634 134 634 
020 620 y20 620 
O21 821 y21 b21 =36 ‘36 y36 ‘36 
(L22 022 122 622 53 633 I33 633 
=23 823 y23 623 “32 632 y32 632 
‘24 ‘24 y24 624 
38 638 Y38 638 
=40 %I y40 &40 
“37 637 y37 637 
039 639 -f39 639 
“42 ‘42 142 642 
=46 ‘46 y46 ‘46 
u43 043 I43 643 
a45 645 y45 645 
a48 848 Y48 648 
“47 647 y47 647 
“44 844 144 644 
n62 ‘62 yb2 ‘62 
33 053 Is3 % 
=so 650 y50 650 =65 ‘65 yb5 ‘65 
%2 652 y52 652 
=49 649 ‘(49 64¶ a64 864 ‘64 664 
51 651 y51 651 a66 ‘66 y66 ‘66 
%4 554 ‘(54 654 
=6¶ ‘69 yb9 %9 
=68 ‘66 y68 660 
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TABLE II 
RR.RR e mR.RIR e IR.PR)R 
la hl lB h6 
1 
Y  I %l 16 h16 
2 a kl 
5 k6 
2 
Y  kll 
26 k16 
3 a *1 p3 
*2 p4 
38 91 93 
92 q4 
3 ‘1 ‘3 
‘2 ‘4 
36 % s3 
52 54 
4a a1 a4 3 
5 ‘3 =a 
=3 a6 a9 
48 bl b4 b-i 
bz % % 
b3 bb b9 
4 
I Cl C4 C? 
C2 3 % 
‘3 ‘6 ‘9 
46 dl d4 d7 
d2 d5 d8 
d3 d6 d9 
h2 
h7 
52 
h17 
kz 
h7 
%2 
%7 
*s *7 
*6 *8 
45 9 
q6 q8 
‘5 ‘7 
‘6 ‘8 
3 =7 
‘6 ‘8 
?O al3 %b 
31 54 a17 
a12 a15 al8 
b10 b13 b16 
%l %4 %7 
%2 %5 $8 
‘10 ‘13 ‘lb 
Cl1 Cl4 Cl7 
Cl2 Cl5 Cl8 
%o %3 dlb 
dll dl4 d17 
d12 dlS dl8 
%o %3 “i6 
% ‘i4 57 
%2 ‘is “is 
bio bi3 bi6 
bii bi4 bi7 
bi2 bi5 bis 
=io ‘i3 ‘is 
‘ii Ci4 ci7 
‘i2 ‘is %9 
die di3 dib 
dil di4 di7 
di2 dis dis 
h3 
h8 
h 
13 
“18 
k3 
k8 
%3 
%8 
*9 Pll 
*lo p12 
99 911 
910 912 
‘9 ‘11 
‘10 ‘12 
*9 %l 
?o %2 
a19 =22 =25 
a20 a23 =26 
=21 a24 '27 
b19 b22 b25 
b20 b23 b2b 
b21 b24 b27 
59 C22 C25 
'20 '23 '26 
'21 '24 '27 
49 d22 d25 
d20 d23 d26 
d21 d24 '27 
“is %2 % 
"io 53 % 
a;1 %4 =i7 
bi9 bi2 his 
bio 53 bi6 
51 ?4 bi7 
‘is %2 % 
$0 $3 % 
‘il $4 =i7 
di9 di2 di5 
die %3 di6 
dil di4 di7 
e R(RR.R) 
h4 
h9 
h 
14 
hl9 
k4 
kg 
kl4 
%9 
p13 *15 
p14 *16 
913 915 
914 q16 
=13 ‘15 
=14 ‘16 
*13 515 
‘14 ‘16 
a28 a31 =34 
a29 a32 =3S 
=30 a33 a3b 
b28 b31 b34 
b29 b32 b3S 
bxl b33 b36 
C28 =31 c34 
'29 '32 '35 
=30 =33 26 
d28 d31 d34 
d29 %2 d35 
d30 d33 d36 
58 %I ?4 
59 =i2 "is 
"i, 53 "i6 
bi8 bil bi4 
bi9 bi2 his 
bio 53 bi6 
2s Gil =i4 
59 G2 5 
'$2 53 56 
dia dil di4 
di9 di2 dis 
db d;3 di6 
e R(R.FlR) 
hs 
h10 
h15 
h20 
kg 
%o 
klS 
k20 ’ 
p17 p19 
Pl8 p20 
417 419 
418 920 
=17 ‘19 
‘18 ‘20 
%7 39 
518 520, 
a37 a40 a43 
a38 a41 "44 
a39 "42 "45 
b37 b40 b43 
b38 b41 644 
b39 b42 b4S 
C37 =40 C43 
‘38 C41 C44 
'39 '42 '41 
637 d40 d43 
d3.2 d41 d44 
d39 d42 d4S 
ai7 =do 53 
%8 %l %4 
%9 52 55 
bi7 bdo %3 
bi8 bil b44 
big %2 b45 
97 50 G3 
%I $1 =i4 
39 52 'is 
57 die d43 
db ddl d44 
dig %2 %s 
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In this Table the following relation holds 
hl h6 hll h16 
kl k6 kll k16 
Pl 91 =1 S1 
Pt 92 ‘2 52 
P3 93 r3 53 
P4 94 r4 54 
a1 bl c1 dl 
a2 b2 C2 d2 
a3 b3 C3 d3 
a4 b4 =4 d4 
a5 bs C5 ds 
a6 b6 ‘6 d6 
a? b7 C7 d.! 
a8 b8 ‘8 d8 
a9 b9 C9 d9 
aI1 btl cl1 dll 
aI2 b12 cl2 d12 
aI3 b13 cl3 d13 
aI4 bt4 cl4 d14 
aI5 b’5 cl5 d’5 
aI6 bt6 cl6 dt6 
a’, b’, cl7 d17 
aI8 b18 cl8 dt8 
aa9 big cl9 dig 
= K 
Ol Bl Yl *1 
u2 B2 y2 62 
cL3 63 -f3 63 
a4 64 y4 64 
“5 85 y!i 65 
a6 ‘6 y6 ‘6 
a7 87 Yl 67 
‘8 ‘8 y8 68 
cL9 89 y9 69 
“10 %o YlO 610 
ull 611 Yll 611 
ul2 812 y12 %2 
al3 813 Y13 613 
al4 %4 Yl4 &14 
a15 B15 YlS 615 
‘16 ‘16 ‘16 616 
a17 817 y17 617 
‘18 ‘18 Y18 618 
a19 e19 Yl9 619 
a2o *20 Y20 620 
O21 @21 y21 621 
O22 822 Y22 622 
‘23 ‘23 ‘23 ‘23 
a24 ‘24 ‘24 ‘24 
where K is an invertible 24 x 24 matrix. This means that the elements under 
the association form RR.RR may be chosen arbitrarily. This is in 
agreement with the fact that the terms of the form RR.RR of any set of 
degree four identities do not affect the collection being or not being the 
defining identities of 3-algebra. Hence from now on we may disregard these 
terms. In the sequel, when we will refer to Table II disregarding the terms 
of the form RR.RR, i.e., disregarding the whole left column, we will say 
Table II (mod RR.RR). 
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Furthermore one has 
0 0 -1 0 
0 0 -1 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
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The three 24 x 12 matrices have rank 12. Let matrices B, C, D such that 
1111 1‘ 1111111 
1 1 1 1 1 l-l-l-l-l-l-l . 
o-1 1 0 l-l-l 1 o-1 1 0 
-1 1 o-1 0 1 o-1 1 0 1-l 
l-l 0 0 1.0-l-l l-l 1 0 
-1 0 1-l 1 l-l 0 0 1 o-1 
B- 0 0 o-1 0 1 0 0 o-1 1 0 
0 0 o-1 1 0 0 0 o-1 1 0 
1 1 l-l 0 0 1 1 l-l 0 0 
0 0 o-1 1 0 0 0 0 l-l 0 
0 0 o-1 1 0 0 0 0 1 o-1 
1 1 l-l 0 o-1-1-1 1 0 0 
111111111111 
1 1 1 1 1 l-l-l-l-l-l-l 
-1 0 1 o-1 1 l-l o-1 1 0 
l-l o-1 1 o-1 0 1 o-1 1 
-1 1 0 l-l 0 o-1 0 l-l 1 
o-1 l-l 0 l-l 1 0 l-l 0 
0 l-l 0 0 0 1 o-1 0 0 0 
1 o-1 0 0 0 0 l-l 0 0 0 
0 o-1 1 1 1 0 o-1 1 1 1 
0 1-l 0 0 o-1 0 1 0 0 0 
’ 1 o-1 0 0 0 o-1 0 1 0 0 
0 1 o-1 1 1 0 l-l-l-l 0 
L 
11 11 11 11 11 1 1’ 
1 1 1 1 1 1-1-1-1-1-l-l 
1 0 -1-l 0 1 o-1 1 l-l 0 
o-1 1 l-l 0 1 o-1-1 0 1 
0 1-1-l 10 l-1 0 o-1 1 
l-l 0 o-1 1 0 l-l-l 1 0 
o-1 1 0 0 0 l-l 0 0 0 0 
l-l 0 0 0 0 o-1 1 0 0 0 
o-1 0 1 1 1 o-1 0 1 1 1 
o-1 1 0 0 o-1 1 0 0 0 0 
l-1 0 0 0 0 0 l-1 0 0 0 
o-1 0 1 1 1 0 1 o-1-1-1 
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be three invertible 12 x 12 submatrices of the three 24 x 12 matrices. One 
a37 637 y37 637 
a38 838 Y38 638 
O39 639 y39 639 
a4o 540 y40 640 
u41 641 y41 641 
"42 B42 y42 642 
a43 043 y45 643-; 
O44 844 y44 644 
"45 045 y45 645 
"46 '46 y46 '46 
a47 047 y41 647 
'48 '48 y48 648 
1 l-8-8 & 0 3 3 3 3 3 3. rh2 h7 hl2 h17 
1 10 E-8-8-9 3 3-9 3 3 k2 k, k12 k17 
1 1 8 0 0 8 3-9 3 3-9 3 p5 q5 r5 s5 
3 3 0 0 0 o-3-3-3-3-3-3 p6 q6 r6 S6 
3 3 0 0 0 o-3 9-3-3 9-3 p7 q7 r7 s7 
3 3 0 0 0 0 9-3-3 9-3-3 pa qa '* s* 
l-l-8-8 0 6 3 3 3-J-3-5 a10 %o =10 %o 
l-l 8 O-B-8 3-9 3-3 9-3 
=11 %l Cl1 %l 
l-l 0 a 0 o-9 3 3 9-3-3 
Y2 %2 c12 %2 
3-3 0 0 0 o-3-3-3 3 3 3 aio bio cio die 
3-3 0 0 0 0 9-J-3-9 3 3 
51 bil 'ii dii 
3-3 0 0 0 o-3 9-3 3-9 3 
, ,ai2 bi2 'i2 di2 
3 3 0 o 0 O-3 9-3-3 9-3% r h3 h8 h13 hl8 
3 3 0 0 0 0 9-3-3 9-3-3 k3 k8 k13 k1a 
3 3 0 0 0 o-3-3-3-3-3-3 pg q9 r9 s9 
1 l-6-8 8 o-9 3 3-9 3 3 PI0 910 rlo slo 
1 1 0 8-8-8 3-9 3 3-9 3 Pll 911 '11 sll 
11.8008333333 PlZ 912 '12 s12 
3-3 0 0 0 0 9-3-3-9 3 3 a19 %9 ‘19 %9 
3-3 0 0 0 o-3 9-3 3-9 3 =20 b20 ‘20 d20 
3-3 0 0 0 o-3-3-3 3 3 3 a21 b21 c21 d21 
l-l-6-8 0 8 3-9 3-3 9-3 "i9 bi9 ci9 di9 
l-l 8 0-8-E-9 3 3 9-3-3 90 bio Go die 
l-l 0 B 8 0 3 3 3-3-3-3 , , ai1 % ‘il ?l 
r$ 
cx4g E49 y4g 64g\ r3 3 0 0 0 O-3 9-3-3 9-3>, h4 hg h14 h19 
"50 %o y50 650 3 3 0 0 0 0 9-3-3 9-3-3 k4 kg k14 k19 
a.51 851 y51 651 3 3 0 0 0 o-3-3-3-3-3-3 p13 913 '13 513 
a52 552 y5z 652 1 l-6-8 8 o-9 3 3-9 3 3 p14 914 '14 *14 
a53 853 ys3 653 1 1 0 8-8-8 3-9 3 3-9 3 p15 915 =15 s15 
a54 554 ys4 654 118008333333 p16 q16 '16 '16 
as5 fls5 ys5 655=& 3-3 0 0 0 0 9-3-3-9 3 3 a28 b28 ‘za d28 
a56 '56 y56 656 3-3 0 0 0 o-3 9-3 3-9 3 a29 b29 =29 d29 
?7 657 y57 657 3-3 0 0 0 o-3-3-3 3 3 3 a30 b30 =so d30 
"58 %8 y5a 658 l-l-8-8 0 8 3-9 3-3 9-3 "is bi8 =i8 di8 
"59 659 y59 659 l-l 8 O-8-8-9 3 3 9-3-3 =i9 his 39 dis 
'60 660 y60 660, 1-l 0 8 8 0 3 3 3-3-3-3 , . =jo bio 90 d;o 
to 0 0 0. 
0 010 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 -1 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
,o 0 0 0% 
0 0 0 -1 
0 0 0 0 
0 0 0 1 
0 0 0 0 
0 0 0 -1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
I I 
(0 0 0 o> 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
-10 0 0 
-10 0 0 
0 0 0 0 
10 0 0 
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'a61 '61 y61 661' ,3 3 0 0 0 o-3 9-3-3 9-3 
'62 '62 y62 662 3 3 0 0 0 o-3-3-3-3-3-3 
'63 '63 y63 663 3 3 0 0 0 0 9-3-3 9-3-3 
"64 '64 164 664 1 1 0 8-8-8-9 3 3-9 3 3 
'65 B6S y6S 665 1 l-8-8 8 0 3 3 3 3 3 3 
"66 666 Y66 666 1 1 8 0 0 8 3-9 3 3-9 3 
'67 '67 y67 667 - ii 3-3 0 0 0 0 9-3-3-9 3 3 
"68 '68 y68 668 J-3 0 0 0 o-3-3-3 3 3 3 
a69 '69 y69 669 3-3 0 0 0 o-3 9-3 3-9 3 
u7o 670 y70 670 l-l 8 O-8-8 3-9 3-3 9-3 
a71 071 Y-/l 671 l-l-8-8 0 8 3 3 3-3-S-3 
'72 B72 y72-672 l-l 0 8 8 O-9 3 3 9-3-3 
I 
h5 %o %5 h20' 
ks k10 55 k20 
p17 917 '17 s17 
p18 q18 '18 '18 
p19 919 '19 s19 
pzo 920 '20 s20 
a40 b40 c40 d40 - 
a41 b41 c41 %l 
a42 b42 '42 d42 
50 b;o ‘40 dbo 
"il b;l Gil %l 
ai b,iz =;z d42 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 -1 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 -1 0 0 
0 10 0 
The invertibility of matrix K and the last four matrix equalities tell us 
that, given a 3-algebra through its matrix representation, the CC~S, /Iis, yl’s, 
and 8;s (i= l,..., 72) are completely determined from the fill of the 
representations # 1, # 2, # 3, and from part of the elements of represen- 
tations #4 and # 5. This means that for any till of the first three represen- 
tations and for any choice of the elements ui, bi, cjr di, ai, bi, cl, d: 
(i= 10, 11, 12, 19, 20, 21, 28, 29, 30, 40, 41, 42) we may find ctis, bls, yi)s, 
6;s which give rise to that particular fill; the remaining elements of the 
representations #4 and # 5 are determined by these. 
4. COMPATIBLE FILLS 
In the previous sections we have seen that, given an algebra satisfying 
(l), (2), (3), (4), i.e., a 3-algebra, for any choice of the parameters a;s, /3;‘s, 
yis, and 6,‘s (i= l,..., 72) Eqs. (l), (2), (3), and (4) are mapped to the array 
shown in Table II. This is a mapping from F*** to P*‘. Knowing the range 
of this map is necessary to find out which identities define a 3-algebra. We 
have seen that we can choose arbitrarily the elements of representations 
# 1, # 2, # 3, and part of the elements of representations # 4 and # 5; the 
remaining elements of these two representations will be determined by 
those. The conditions that tell us which fills are in the range will be given 
by the following matrix products: 
-13 b13 Cl3 %3 
94 bl4 Cl4 dl4 
a15 blS Cl5 5s 
56 bib Cl6 %b -4 
37 b17 Cl7 %7 
al8 b18 ‘18 d18 
0 -1 -* -1 -2 -3 6x, h2 h, Ill2 hl. 
0 -2 -1 -2 -1 -6 3 ps q1 rs s5 
-1 -1 -1 -1 -1 -3 5 pg q6 rb S6 
0 -1 -2 2 4 3 -6 p7 47 =7 57 
0 -2 -1 4 2 6 -3 pa q8 r8 S8 
-1 -1 -1 2 2 3 -3 “io bio =io die 
“il bii cil dil 
0 o-2 ” 
0 o-4 0 
0 o-2 0 
0 0 2 0 
0 0 2 0 
0 0 0 0 
* 
1 
i-l-l-l-l 0 0-3 D 0 
O-I-2 2 3 0 0 O-3 b 
o-2-i J 2 0 0 0-b 3 
-1-1-i ? 2 0 0 o-3 3 
0 4 2-2-I 0.3 0 0 0 
z z Z-l-1 0 v-3 0 a 
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,.il q, c+ dj,, O-J o 3 0 0 O-J 0 0. ,k4 kg k14 klg. f  0 0 
52 b;z 52 diz 0 0 3 o-3 0 0 o-3 0 p13 q13 r13 S13 -2 0 
ai bj, ci3 dj, -4 2-l 1 l-1 0 0 0 O-3 ~14 ‘,14 r14 ~~4 + -2 0 
%4 % 54 di4 0 3 0 0 O-3 6 0 0 0 p15 q15 r15 s15 -2 0 
"is bi5 25 dis 0 O-3 0 O-6 3 0 0 0 p16 q16 r16 s16 2 0 
,%6 bi6 56 d;6, . -1 l-l 0 O-3 3 0 0 0 a2* b28 c28 d28 0 0 
a29 IJ 29 '29 d29 
% bi8 =iS di8 
99 bi9 'is dis 
=;o bio c;o d;o 
I 
k5 k10 klS k20* 
p17 q17 r17 s17 
p18 %8 '18 '18 
p19 919 '19 519 + 
p20 920 '20 30 
%I b40 =40 d40 
a41 b41 C41 d41 
%o b40 C40 d40 
a41 b41 C41 d41 
'42 b42 '42 d42 
o-2 0 0 
0 -4 0 0 
o-2 0 0 
0 2 0 0 
0 2 0 0 
0 0 0 0 
357 
0 01 
0 0 
0 0 
0 0 
0 0 
0 0 
If the previous relations hold in a matrix representation of an identity we 
will say that the fill is compatible. 
5. RECOGNIZING A 3-V.4rzrErv 
Let R be an algebra defined by a collection of identities of degree four. 
The question we want to solve is the following: when is R a 3-variety? To 
answer this question we need to remember a few definitions. 
Let T be the matrix representation of the defining identities of an 
algebra, and T the matrix representation of some other identities. We say 
that the till T of matrices is weaker than the fill T (and hence the first 
collection of identities is weaker than the second) if, representation by 
representation, the row space of T is contained in the row space of T’. A fill 
T is equivalent to a fill T’ if representation by representation the row space 
of T is contained in the row space of T’ and viceversa. 
LEMMA. Any collection of degree four identities is equivalent 
(mod RR.RR) to a finite set of at most four identities of degree four. 
ProoJ In each representation, find the span of the given identities, 
mod RR.RR, and then choose a basis of the span. If necessary complete the 
358 GIULIA MARIA PIACENTINI CATTANEO 
remaining rows with zeros. In representations # 1 and #2 there will be at 
most 4 independent rows, mod RR.RR, in representation # 3 there will be 
at most 8 and in representations #4 and # 5 at most 12. If we group the 
four rows of representation # 1 and the four rows of representation #2 
one by one, then the eight rows of representation #3 two by two, and 
linally the twelve rows of representation #4 and the twelve rows of 
representation #5 three by three, the resulting matrix representation, 
equivalent to the original, may be regarded as the representation of <4 
identities. Hence, the original identities will have representation equivalent 
to Table II (mod RR.RR). The lemma is proved. 
Suppose we are given an algebra with a set of defining identities of 
degree four. By the lemma we have just proved, its matrix representation 
will be of the form Table II (mod RR.RR). We want to decide whether the 
algebra is a 3-algebra, that is, is there an equivalent or weaker fill of the 
matrices which is in the range? Any equivalent or weaker fill than Table II 
is obtainable from Table II by multiplying each representation on the left, 
respectively, by the following matrices with elements in the field F: 
h 
109 . . . . .._............................... A12o 
521 . . . . . . ..__............................ %32 
h 13, . . . ,. . . . A144 
A 
14s . . . . . . ..__._.__..___.__.___........... ‘156 
h ,_,...,..,.........,.................. ‘168 
i 
169 ._..__._._.......__,.................. b 
A 
181 .._..__._..........,.................. 1192 
A 
193 . . . . . . . .._._.___.___._....____........ 1204 
k 20s _,.,...,._.___._____.______,__........ ‘216 
h 
217 .__.___.__.......___.................. 1228 
‘229A2Mh2Jlh2321233h234~235~2~~237A23aA239~240 
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‘241 . . . . . . . . . .._........................ ‘252 
l253 . . . . . . . . . . . . . . . . . . 
i265 . . . . . . . . . . . . . . . . . . . . 
! ,  
277 .,._.,._..,...,....._........_........ 
h289 . . . . . . . . . . . . . . 
h 
361 ,..._,...,........,................... 
I 
h3:3h374h3,1~376h37?h1781379i380\381~382*3~3~38~ 
The dots mean that all indexes between the end values need to be con- 
sidered. 
For this fill to be in the range one needs the fill to be compatible, i.e., 
relations in Section 4 need to hold. The corresponding relations adapted to 
the new till give rise to the following linear system of 48 x 4 = 192 equations 
in 384 unknown Ai: 
AX=N, 
where X = (X, , X,, X,, X,)T with 
(again, the dots indicate that all values between the end values need to be 
included); 
N= W,, -N,, N,, -N,, N,, N,, Nc,, NJT 
with 
481’97’2-4 
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Finally, 
A= 
’ 
where A is a 48 x 96 matrix which is given in Tables III. 
We have just proved the following theorem. 
THEOREM. Let R be an algebra over a field F of characteristic 22, 23, 
defined by one or more degree four identities. Let Table II (mod RR.RR) be 
the matrix representation of these identities. Then R is a 3-algebra if and 
only if the linear system of 192 equations in 384 unknown 1;: 
AX=N (5) 
is compatible, where A, X, and N have been just defined. 
Remembering the definition of the matrix A, one sees that the task before 
us, i.e., the search for compatibility (or incompatibility) of system (5), is 
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TABLE III (continued) 
Table continued 
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0 0 
0 
Table continued 
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TABLE III (confind) 
Table continued 
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-% 97 
0 0 
0 0 
0 
0 
75 
0 
j”L 
0 
TABLE III (continued) 
0 
0 
-% 
cl 
0 
-% 
0 
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TABLE III (continued) 
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not so big as one might expect, since one only needs to worry about the 
48 x 96 matrix A and not the entire 192 x 384 matrix. 
In conclusion, we might want to give an insight of the use of the theorem 
we have just proved. The whole machinery by which we have reached the 
results may seem complicated, but in fact its practical use is very simple 
and may be easily worked out with the help, if needed, of a computer. We 
will summarize it in the following way. 
Suppose we are given a (nonassociative) algebra R defined by any num- 
ber of (reducible to) degree four identities. We want to decide whether it 
defines or not a 3-algebra: the steps one needs to undertake are the 
following: 
(1) By use of the matrix technique, give a matrix representation of 
the identities; it will be, by the lemma in this section, of the form Table II 
(mod RR.RR). This means that in making the representation you can dis- 
regard from the very beginning the terms of the form RR.RR and only care 
about the other association forms. 
(2) Reduce the matrices of each representation to row canonical 
form. 
(3) Build the matrix A, whose entries depend on the elements of the 
matrix representation. 
(4) Consider the system AX = N, where A, X, and N have been 
defined in this section. 
(5) Finally check whether the system is compatible or not. If it is 
compatible, then R is a 3-algebra. If it is not compatible, R is not a 3- 
algebra. 
The test we have just described allows us to build new examples of 3- 
algebras (which are not already 2-algebras, of course) or examples of 
algebras which are not 3-algebras. In the next section we will follow these 
steps in two instances. 
6. APPLICATIONS 
In this section we are going to verify the result stated in the theorem we 
have just proved for well-known 3-varieties, i.e., associative and Jordan 
algebras. We will work mod RR.RR: 
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TABLE IV 
Matrix A for the Variety of Associative Algebras 
0 0 0 0 0 0 0 o-1-1 0 0 0 0 0 o-2-2 0 0 0 0 0 0 o-3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
00000000-2-2000000-1-10000000000000000000-30000000000 
-10 0 0 0 0 0 o-1-1 0 0 0 0 0 o-1-1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
00000000-12000000-2400000000-3000000000000000000000 
00000000-24000000-1200000000000000000000-3000000000 
-~0000000-12000000-12000000000000000000000000000000 
0 0 0 0 0 0 0 0 0 o-1-1 0 0 0 0 0 o-2-2 0 0 0 0 0 0 o-3-3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 O-2-E 0 0 0 0 0 o-1-1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o-3-3 0 0 0 0 0 0 0 
0200000000-1-1000000-1-10000000000000000000000000000 
0000000000-12000000-24000000000-3000000000000000000 
oooooooooo-24000000-12000000000000000000~~0-~00~~0~ 
0-100000000-12000000-120000000000000000000000000000 
0 0 0 0 0 0 0 0 0 0 0 o-1-1 0 0 0 0 0 o-2-2 0 0 0 0 0 0 0 o-3-3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 o-2-2 0 0 0 0 0 o-1-1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o-3-3 0 0 0 0 
002000000000-1-1000000-1-100000000000000000000000000 
000000000000-12000000-2~0000000000-3000000000000000 
000000000000-24000000-12ooo0000000000000000000000-3000 
00-1000000000-12000000-12ooo00000000000000000000000000 
0 0 0 0 0 0 0 0 0 0 0 0 0 o-1-1 0 0 0 0 0 o-2-2 0 0 0 0 0 0 0 0 o-3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
00000000000000-2-2000000-1-1000000000000000000000-300 
0 0 o-1 0 0 0 0 0 0 0 0 0 o-1-1 0 0 0 0 0 o-1-1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
000000000000002-10000004-20000000000-3-3000000000000 
000000000000004-2000000*-10000000000000000000000-3-3 
000200000000002-1000000*-~000000000000000000000000 
00000000-3300000000000000-3000000"0000600000000000 
00000000000000003-3000000-600000000000300000000000 
0000-l 000-l 10000001-1000000-300000000000300000000000 
000000003000000000000000300000000000-600000000000 
0000000000000000-30000000600000000000-300000000000 
0000-100010000000-10000000300000000000-300000000000 
0000000000-33000000000000000000000000000000000000 
0000000000000000003-30000000000000000000000000000 
0000020000-110000001-10000000000000000000000000000 
000000000030000000000000000-300000000000600000000 
000000000000000000-300000000-600000000000300000000 
00000-1000010000000-100000000-300000000000300000000 
000000000000-330000000000000000000000000000000000 
000000000000000000003-300000000000000000000000000 
000000200000-110000001-100000000000000000000000000 
000000000000300000000000000000-300000"00000600000 
00000000000000000000-3000000000-600000000000300000 
000000-10000010000000-1000000000-300000000000300000 
00000000000000-33000000000000000000-30000000000060 
00000000000000000000003-30000000000-60000000000030 
0000000-1000000-110000001-10000000000-30000000000030 
00000000000000-3000000000000000000000000000000000 
000000000000000000000030000000000000000000000000 
00000002000000-1000000010000000000000000000000000 
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000000000000-3000000000006ooo00000000000000000000000 
000000000000-600000000000300000000000000000000000 
0-30000000000-30000000000030000000000000000000000000 
000000000000300000000000-~00000000000000000000000 
000000000000600000000000-~00000000000000000000000 
00-3000000000300000000000-~000000000000000000”0000 
0000000000000000000000000000000000000000000000”0 
000000000000000000000000000000000000000000000000 
000-~-30000000000000000000000000000000000000000000 
000000000000000-3000000000006ooo00000000000000000000 
000000000000000-6000000000003ooo00000000000000000000 
00000-3000000000-~000000000003ooo00000000000000000000 
000000000000000000000000000000000000000000000000 
000000000000000000000000000000000000000000000000 
000000-b30000000000000000000000000000000000000000 
000000000000000000-30000000000060000000000000000000 
000000000000000000-60000000000030000000000000000000 
00000000-3000000000-30000000000030000000000000000000 
0000000000000000000000-~00000000000~0000000000000 
0000000000000000000000-~00000000000~0000000000000 
000000000-3000000000000-~00000000000~0000000000000 
000000000000000000000000000000000000000000000000 
000000000000000000000000000000000000000000000000 
0000000000-~-3000000000000000000000000000000000000 
0000000000000-3000000‘000000000000000000000000000 
0000000000000000000000000-~0000000000000000000000 
0000000000000000000000000000000000000-~0000000000 
00000000000000-3000000000000000000000000000000000 
00000000000000000000000000-~000000000000000000000 
00000000000000000000000000000000000000-~000000000 
000000000000000-~-30000000000000000000000000000000 
000000000000000000000000000-~-~0000000000000000000 
000000000000000000000000000000000000000-~-~0000000 
00000000000000000-3000000000000000000000000000000 
00000000000000000000000000000-~000000000000000000 
00000000000000000000000000000000000000000-~000000 
000000000000000000-b30000000000000000000000000000 
000000000000000000000000000000-~-~0000000000000000 
000000000000000000000000000000000000000000-~-~0000 
00000000000000000000-300000000000000000000000000000 
00000000000000000000000000000000-~000000000000000 
00000000000000000000000000000000000000000000-~000 
000000000000000000000-~00000000000000000000000000 
000000000000000000000000000000000-~00000000000000 
000000000000000000000000000000000000000000000-~00 
0000000000000000000000-~-~000000000000000000000000 
0000000000000000000000000000000000-~-~000000000000 
0000000000000000000000000000000000000000000000-~-~ 
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(a) Variety of associative algebras. The variety of associative 
algebras has this matrix representation (mod RR.RR) reduced to row 
canonical form: 
(RR.R)R 
+3 1 0‘ 
0 1 
0 0 
0 0 
0 0 
0 0 
0 0 
0 0, 
atd4 
10 0 
#5 o ’ O 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
8 (R.RR)R 
0 
1 
Ii 0 0 
0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
.o 0, 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
. R(RR.R) 
0 
0 Ii 1 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 
0 0 
.o 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
p 0 0 
I R(R.RR) 
0 
0 
ij 
0 
1 
0 0 
0 0 
0 0 
c !  0 
0 0 
0 0 
1 0 
0 1 
0 0 0 
0 0 0 
0 0 6 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
3 0 1 
The matrix A relative to this variety is therefore shown in Table IV (see 
Tables II and III). 
As one sees immediately, rank A = 48; hence the system 
AX=N 
is always compatible, which is of course what we wanted. 
(b) Variety of Jordan algebras. This is the variety of all algebras 
satisfying the two identities: 
(4 y, x2) = 0 and XY = YX, 
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TABLE V 
Matrix A for the Variety of Jordan Algebras 
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00000000-1-1000000-2-20000000-30000000000000000000000 
0 0 0 0 0 0 0 o-2-2 0 0 0 0 0 o-1-1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o-3 0 0 0 0 0 0 0 0 0 0 
-10000000-1-1000000-1-1000000000000000000000000000000 
00000000-12000000-2400000000-3000000000000000000000 
00000000-24000000-1200000000000000000000-3000000000 
-10000000-12000000-12000000000000000000000000000~~~ 
0000000000-1-1000000-2-20000000-3-30000000000000000000 
00O0000000-2-2000000-1-1O00000O000000000000-3-30000000 
0200000000-~-~000000-1-10000000000000000000000000000 
0000000000-12000000-24000000000-3000000000000000000 
0000000000-24000000-12000000000000000000000-3000000 
0-100000000-12000000-120000000000000000000000000000 
000000000000-1-1000000-2-200000000-3-30000000000000000 
000000000000-2-2000000-1-100000000000000000000-3-30000 
002000000000-1-1000000-1-100000000000000000000000000 
000000000000-12000000-24ooo0000~00000-3000000000000000 
000000000000-24000000-~20000000000000000000000-3000 
00-1000000000-12000000-12ooo00000000000oooo00~00000 
000000*0-211111-30-422222-60000000000-300000000000000 
00000000-422222-60-211111-30000000000000000000000-300 
000-10000-211111-30-211111-30000000000000000000000000 
00000000-21111100-422222000-1-311-2332200000000000000 
00000000-42222200-211111000000000000000-1-311-2332200 
00020000-21111100-211111ooo00oooo00000000~00000000000000 
00000000-3300000000000000-300000000000~00000000000 
00000000000000003-3000000-600000000000300000000000 
0000-1000-110000001-1000000-300000000000300000000000 
000000003000000000000000300000000000-~0~000000000 
0000000000000000-30000000600000000000-300000000000 
0000-100010000000-10000000300000000000-300000000000 
0000000000-33000000000000000000000000000000000000 
0000000000000000003-30000000000000000000000000000 
0000020000-11000000~-10000000000000000000000000000 
000000000030000000000000000-300000000600000000 
000000000000000000-300000000-600000000000300000000 
00000-1000010000000-100000000-300000000000300000000 
000000000000-330000000000000000000000000000000000 
000000000000000000003-~00000000000000000000000000 
000000200000-110000001-100000000000000000000000000 
000000000000300000000000000000-300000000000~000~0 
00000000000000000000-3000000000-600000000000300000 
000000-10000010000000-100000000000-300000000000300000 
000000006-3-3-3-3-330000000000000000000-30000000000060 
0000000000000000-633333-300000000000-60000000000030 
0 0 0 0 0 0 o-1 Z-1-1-1-1-1 1 o-2 1 1 1 1 1-l 0 0 0 0 0 0 0 0 0 0 o-3 0 0 0 0 0 0 0 0 0 0 0 3 0 
00000000-633333-6000000000000000000000000000000000 
00000000000000006-3-3-3-3-360000000000000000000000000 
0 0 0 0 0 0 0 2-2 1 1 1 1 1-2 0 2-1-1-1-1-I 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
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TABLE V (continued) 
000000000000-300000000000600000000000000000000000 
000000000000-600000000000300000000000000000000000 
0-30000000000-300000000000300000000000000000000000 
000000000000300000000000-600000000000000000000000 
000000000000600000000000-300000000000000000000000 
00~3000000000300000000000-300000000000000000000000 
0000d0000000000000000000000000000000000000000000 
000000000000000000000000000000000000000000000000 
000-3-30000000000000000000000000000000000000000000 
00000000000000-30000000000006000000000000~00~~0~~ 
00000000000000-6000000000000300000000000000000000 
00000-300000000-3000000000000300000000000000000000 
000000000000000000000000000000000000000000000000 
000000000000000000000000000000000000000000000000 
000000-3-30000000000000000000000000000000000000000 
000000000000000000-300000000000600000000000000000 
000000000000000000-600000000000300000000000000000 
00000000-3000000000-300000000000300000000000000000 
0000000000000000000000-30000000000060000000000000 
0000000000000000000000-60000000000030000000000000 
000000000-3000000000000-30000000000030000000000000 
000000000000000000000000000000000000000000000000 
000000000000000000000000000000000000000000000000 
o-1-31 I-*33*200000000000000000000000000000000000000 
000000000000~-300000000000000oooo0000000000000000000 
0000000000000000000000000-30000000000000000000000 
0000000000000000000000000000000000000-30000000000 
00000000000000-3000000000000000000000000000000000 
00000000000000000000000000-3000000000000000000000 
00000000000000000000000000000000000000-3000000000 
000000000000000-3-30000000000000000000000000000000 
000000000000000000000000000-3-30000000000000000000 
000000000000000000000000000000000000000-3-30000000 
00000000000000000-3000000000000000000000000000000 
00000000000000000000000000000-3000000000000000000 
00000000000000000000000000000000000000000-3000000 
000000000000000000-3-30000000000000000000000000000 
000000000000000000000000000000-3-30000000000000000 
000000000000000000000000000000000000000000-3-30000 
00000000000000000000-3000000000000000000000000000 
00000000000000000000000000000000-3000000000000000 
00000000000000000000000000000000000000000000-3000 
000000000000000000000-300000000000000000000000000 
000000000000000000000000000000000-300000000000000 
000000000000000000000000000000000000000000000-300 
000000000000-6-3-33-30-3300-60000000000000000000000000 
000000000000000000000000-6-3-33-30-3300-60000000000000 
000000000000000000000000000000000000-6-3-33-30-3300-60 
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where by (a, b, c) we mean the associator (a, b, c) = ab.c - abc. The 
representation of Jordan algebras, mod RR.RR. is the following: 
(RR.R)R m m m 
2’ 
# 2 
# 3 
# 4 
I 0 0 1
0 i 
1 0 
0 1 
0 0 
0 0 
0 0 
0 0 
0 0 
1 0 
0 1 ,” 
0 1 
0 : 0 
,” : 0” 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
(R.RR]R 
Ii 0 A 
‘0 0 
0 0 
1 0 
0 1 
0 0 
0 0 
0 0 
,” 0” 0 
0 
0 0 0 
1 0 0 
B 
Li 
0 
1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
R(RR.R) 
I! 0 1 
0 0 
0 0 
0 0 
0 0 
1 0 
0 A 0 
: 
: 
0 
0 
0 0 0 
0 0 0 
: 
: 
0 
0 
1 0 0 
0 1 0 
0 0 1 
0 0 0 
0 0 0 
R(R.RR) 
0 
0 i I 0 1 
0 2 
0 -1 
0 -1 
0 -1 
0 -1 
0 -1 
<I 2 , 
0 0 0 
: 0 l/J 
0 ,” -:,s 
0 0 -l/3 
0 0 213 
0 0 -1 
0 0 -1 
0 0 -213 
1 0 -2,3 
0 1 -1 
# 5 1 0 0 
0 1 0 
: 0 
0 A 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
0 1 0 
0 0 
0 0 A 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
1 0 0 
1 0 
0" 0 1 
0 0 0 
0 0 0 
0 0 2 ’ 
: 0 
:: 
: 
0 -1 
0 0 1 
0 0 0 
0 0 1 
0 0 -1 
0 0 0 
1 0 0 
0 1 1 , 
The matrix A for this variety is given in Table V. Also in this case one 
easily sees that rank A = 48 which assures us that Jordan algebras are 3- 
algebras. 
A study of system (5) which aims for a better understanding of 3- 
algebras is in progress. 
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